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THE stability of parallel, or nearly parallel, flows has been
and will be the subject of many investigations. To date,

the neutral stability curves for these flows have been deter-
mined by either a finite-difference or an asymptotic procedure.
For the finite-difference procedures, a relatively large amount
of computing time and an accurate initial guess for the solu-
tion are required. For the asymptotic procedures, the results
lack accuracy, and the method has a limited range of applica-
tion and generally requires considerable analysis.

Lee and Reynolds1 have used a variational method to ob-
tain some solutions to the Orr-Sommerfeld problem for plane
Poiseuille flow. These solutions, which they compared with
those of Thomas,2 do not correspond to the neutrally stable
case. However, the method can be used to obtain neutral
stability curves with considerable accuracy and with con-
siderably less computing time than required by the finite-dif-
ference methods. Moreover, this variational method requires
little analysis and is relatively simple to program.

In the present Note, this variational method is modified
slightly so that points on the neutral stability curve are found
directly, and viscoelastic terms are included in the develop-
ment of the characteristic determinant. The results for
plane Poiseuille flow of viscoelastic liquids are compared with
those obtained by the other two methods.

An outline of the variational method follows. For con-
venience, the stability equation is denoted by

L<f> = 0 (la)

and the set of boundary conditions by

B<t> = 0 (Ib)

One can obtain an adjoint operator L* and a set of adjoint
boundary conditions B* by integrating the following equation
by parts:

integral /, defined by

I uLvdy = I vL*udy
J yi J yi (2)

In Eq. (2) u is any function satisfying Bu = 0, and v is any
function satisfying B*v — 0. Then it can be shown that the
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/ = <t>*L<j>dy (3)

is zero and stationary with respect to variations in 0* and <
when <t>* and 4> are solutions of

L*</>*

B*<t>*

0

0

(4a)

(4b)
(the adjoint problem) and Eq. (1), respectively, and when the
variations satisfy the respective boundary conditions. For
the details, the reader is referred to the paper by Lee and
Reynolds.

Chun and Schwarz3 as well as Walters,4 using different con-
stitutive equations, have found the stability equation for
parallel flows of viscoelastic liquids to be

(u -
1/iaRe [I - ia/3(u - c)](Z)2 - a2

> (5a)
and, when the flow is between plates located at y = ±1, the
boundary conditions are

= 0 (5b)
For an explanation of the symbols, the reader is referred to
Chun and Schwarz, or to Walters.

The corresponding adjoint problem is

L*</>* = [1 - iap(u - c)](Z>2 - a2)<£* -
ia/3[4;D(D*uD<l>*) + 2D2u(D* - a2)0* +

D(f>*] - iaRE[(u - c) (D* -
a2)<£* + 2DuD<t>*] — 0 (6a)

= 0, and Zty*(±l) = 0 (6b)

The familiar Rayleigh-Ritz scheme is to assume solutions
<£ and <£* in the form of a series of functions; i.e., assume

and

An*fn*(y)

(7a)

(7b)

Satisfaction of the boundary conditions can be assured by
making each term in the series satisfy them. This is usually
done (but it is not necessary). Since the boundary conditions
on <t> and $* are the same, one can choose /„ = /„*. When
this is done and Eq. (7) substituted into Eq. (3), one finds
that I will have a stationary value if

= 0 (8a)
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Table 1 Variation in a and Reynolds number
with the number of terms in Eq. (7)

Table 3 Comparison of critical Reynolds number, a,
and c for various 8

c = 0.20 ft = 0

No. of
terms

9
13
17
19
21

ex

0.74723
0.75483
0.75478
0.75555
0.75555

Reynolds
no.

11368
12059
12117
12124
12124

where

(8b)

and all other Imn and Jmn are as defined by Lee and Reyn-
olds. For a given choice of functions in Eq. (7), it is assumed
that the combination that produces a stationary value for 7
is the best combination attainable with those functions.

One may assign values to a, Re, and ft, considering c to be
the (complex) eigenvalue of the determinant. There are
several IBM subroutines available that can be used to find c.
Or one may assign values to ft and to the real and imaginary
parts of c and then solve for the corresponding a and Re.
The former was done by Lee and Reynolds and the latter was
done here. For neutral stability a = 0; thus real values were
assigned to both c and ft. Initial guesses were made for a
and Re, and then increments in these values were obtained by
solving

and

dfl(det)
da

d/(det)
da

Aa

Aa

•dfl(det) ARe + fl(det) = 0 (9a)

d/(det) + J(det) = 0 (9b)

In Eq. (9) 7£(det) and 7(det) are the real and imaginary parts,
respectively, of the determinant given in Eq. (8).

Table 2 Variations in a and Reynolds number
with the number of iterations

c = 0.21 0 = 0

No. of
iterations

0
1
2
3
4
5
6

a

0.75555
0.75977
0.76873
0.78013
0.78701
0.78803
0.78804

Reynolds
no.

12141
11543
11003
10607
10441
10419
10418

ft
0
0.1
0.5
1.0

0
0.1
0.5
1.0

0
0.1
0.5
1.0

c&s

5775
5537
4620
3630

1.026
1.026
1.08
1.16

0.2646
0.2668
0.2840
0.3065

M &G
Re

5399
5170
4186
2662

a.

1.022
1.033
1.088
1.226

c
0.2672
0.2708
0.2886
0.3296

Present

5770
5542
4707
3855

1 .021
1.030
1.071
1.125

0.2640
0.2672
0.2808
0.2990

Lee and Reynolds found that/„ = /w* = (1 - y*)*y*(^v
worked well in the sense that only a few terms in Eq. (7) are
needed. These functions were also used here.

Table 1 shows the convergence of a and Re as the number of
terms in Eq. (7) is increased, and Table 2 shows the con-
vergence of a and Re with the number of iterations for 21
terms. These are typical of the cases investigated. Finally,
in Table 3, the critical Reynolds number and the correspond-
ing c and a for various values of ft are compared with the re-
sults obtained by Mook and Graebel5 using an asymptotic ap-
proach, and with the results obtained by Chun and Schwarz
using a finite-different procedure. There is close agreement
between the results of Chun and Schwarz and the present re-
sults. Yet the computing time for the present results is one-
fifth to one-fourth of the computing time for a finite-differ-
ence method used by the authors. The amazing ease with
which the present results were found and their accuracy sug-
gest trying this variational method on other problems of the
Orr-Sommerfeld type.

References
1 Lee, L. H. and Reynolds, W. C., "On the Approximate and

Numerical Solutions of Orr-Sommerfeld Problems," Quarterly
Journal of Mechanics and Applied Mathematics, Vol. XX, Pt. 1,
1967, pp. 1-22.

2 Thomas, L. H., "The Stability of Plane Poiseuille Flow,"
Physics Review, Vol. 91, No. 4, Aug. 1953, pp. 780-783.

3 Chun, D. H. and Schwarz, W. H., "Stability of Plane Poi-
seuille Flow of a Second-Order Fluid," The Physics of Fluids,
Vol. 11, No. 1, Jan. 1968, pp. 5-9.

4 Walters, K., "The Solution of Flow Problems in the Case of
Materials with Memory (Part I)," Journal de Mecanique, Vol. 1,
No. 4, Dec. 1962, pp. 479-486.

5 Mook, D. T. and Graebel, W. P., "The Stability of Plane
Poiseuille Flows of Visco-Elastic Liquids: An Asymptotic Solu-
tion," Journal of Hydronautics, Vol. 5, No. 1, Jan. 1971, pp. 20-24.


